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Introduction
This paper deals with the study of the countable branches of nodal solutions bifurcating from the infinity for the eigenvalue type problem ÀDu þ V 0 juj mÀ1 u ¼ lu in W;
where W is an open bounded set in R N , V 0 > 0, m a ð0; 1Þ and l is a real parameter. We shall show here that the one-dimensional case Àu 00 þ V 0 juj mÀ1 u ¼ lu in ÀR; R½; uðeRÞ ¼ 0;
( ð2Þ can be studied by using plane phase methods of ordinary di¤erential equations. This kind of arguments were used by the authors in [9] (extended in [12] to the case of m a ðÀ1; 1Þ) to a variation of the problem which is recalled in Section 2 of this paper. They have the advantage of providing a complete description of the solution set for (2) , something that cannot be expected for (1) , except in the radial case W ¼ B R ð0Þ.
We deal with the one-dimensional problem (2) in Section 2, where we start by proving the existence of a branch of positive solutions for a bounded interval of the parameter, l a À l 1 ; l . This is the reason why we call any solution which additionally satisfies (5) as ''flat solution''. We point out that this type of special solutions was called previously by other authors as ''free boundary nonnegative solutions'' (see, e.g. [15] ), nevertheless in our opinion the use of the expression ''free boundary'' may be misleading: such terminology is more adequate in a context where the equation (2) is set in the whole real line and not in a bounded interval.
The associated solution u l Ã 1 ðmÞ;V 0 (when extended by zero to the real line R) gives rise to a continuum of nonnegative solutions u l;V 0 for any l > l Ã 1 ðmÞ through a double rescaling (in amplitude and in the argument of application). This type of solutions have compact support in the sense that support ðu l;V 0 Þ W W;
and, in fact, the boundary of the support must be understood as a free boundary of the problem. In a second result we show a qualitatively similar result for the branches of nodal solutions changing a finite number of times of sign and emanating from the infinity from the simple eigenvalues l n , for n > 1, of the linear problem (3). The global bifurcation diagram is qualitatively described in the following Figure 3 below. Some of these results were already announced in [10] .
The general formulation, problem (1), can be studied by using either variational or topological methods. Concerning the latter, existence of a continuum of nonnegative solutions was proved in [13] by using a di¤erentiability result for the solution operator in [5] [6] (see also [2] ) and general results for asymptotic bifurcation [22] , [1] and [4] . Much later, Porretta [18] proved existence of nonnegative solutions for any l > l 1 (with l 1 the first eigenvalue of the linear problem (3)) by using variational methods. In [11] the authors use Nehari manifolds to find non-negative solutions and more information on both positive, flat and compact support solutions is obtained by using, in particular, a Pohozaev identity for starshaped W (see [14] ). We sketch the asymptotic bifurcation approach in Section 3. Some of these ideas were presented in [10] and will be developed in [11] .
One of the main motivations of the present paper was the series of lectures by the first author ( [7] ) on the ambiguity of the mathematical treatment o¤ered in most of the textbooks on Quantum Mechanics for the study of bound states of the Schrö dinger equation
for the infinite well potential V ðxÞ. For instance, for the one-dimensional case such a potential is given by Here by a solution u of the above problem we must understand any function u ¼ lim q!l u q with u q solution of the problem associated to the truncated potential V q (see Remark 2.0 of [8] ). If we consider, again, the one-dimensional case, as a consequence of the present paper, the linear eigenvalue problem ( It is in this sense that all this can be interpreted as an ''alternative'' approach to the infinite well potential for the Schrödinger equation. A more general statement is presented in [8] .
In Section 1 we deal with the one-dimensional case by using phase plane methods and give a description of the branch of both positive and compact support nonnegative solutions. In Section 2 we sketch the application of asymptotic bifurcation in the case of a general domain W.
The one-dimensional case
In this Section we study the equation (1) by using ODE arguments. This allows to obtain all the solutions to the problem and give a complete description of the set of solutions and study the qualitative properties and its qualitative changes when the parameter l varies. Some of these results were presented in [10] . We sketch first the results obtained in the study of a similar problem just to illustrate the nature of the solutions and its multiplicity.
We consider the semilinear elliptic equation
Pðm; qÞ Àu 00 þ u m ¼ lu q in ðÀ1; 1Þ;
where l is a real parameter and
This problem was studied in [9] and the extension to À1 < m < q < p À 1 and the p-Laplacian as well was carried out in [12] . The results are illustrated in the diagram above.
There exists 0 < l Ã < l ÃÃ such that:
ii) For l > l Ã there is an upper branch of positive solutions u l > 0 such that qu l qn ðe1Þ < 0 which is continuated in a lower branch v l > 0 with qv l qn
In this way we obtain a very special flat solution v l ÃÃ of (9) such that
Hence this solution is also a solution of (9) on the whole real line and can be ''translated'' freely ''in both directions''. This possibility together with ''stretching'' manipulations gives rise to a variety of compact support solutions (i.e., solutions u such that suppðuÞ H W).
Now we study problem (2) where V 0 > 0 and 0 < m < 1. We shall prove our main result Theorem 2.1. We define
with F ðrÞ ¼ r
Then the mapping g : ½r F ; þlÞ ! R has the following properties i) g a C½r F ; lÞ B C 1 ðr F ; lÞ;
ii) g 0 ðmÞ ! Àl as m # r F ;
iii) For any m > r F , g 0 ðmÞ < 0;
Moreover, if we call
then we have: For m > r F we define the mapping g : ½r F ; þlÞ ! R given by (11) . Now we use the following fact whose proof is exactly as in [9] and [12] 
Thus, we get that u 0 ðeRÞ ¼ 0 corresponds to the case in which the maximum of the solution is r F :
The main properties of gðmÞ are collected in the auxiliary properties i)-iv). The proof of properties i) and ii) is exactly the same presented in [9] and [12] for a similar case. For the proof of (iii), as in [12] , we have Hence g 0 ðmÞ < 0 for any m > r F : Finally, to prove (iv) we note that gðmÞ a m 2
Moreover, we have
and if m ! þl by using Lebesgue's Theorem we get
We know that u 0 ðeRÞ ¼ 0 corresponds to the value L Ã and that the maximum of the solution is r F : So, the function, qualitatively, function g is described by the following Figure 2 :
If now we go back with our change of variables we get
and we obtain finally the bifurcation diagram given by the first branch of Figure 3 below, where solutions for l > l Ã are compact supported solutions originated as in [9] and [12] from the extension by zero of the flat solution u l Ã satisfying
The rest of details are completely similar to the similar parts of the papers [9] and [12] . 9
Remark 2.2. Once that we know that for l > l for a suitable constant C > 0 independent of l. This improves the conclusion ku l;V 0 k H 1 0 ðÀR; RÞ ! 0 as l ! þl proved in Theorem 1 of [18] . 9
We shall end this section by studying the branches corresponding to nodal solutions, i.e. changing sign a finite number of times. We state with detail the case of the branch which bifurcates from the infinity from the second eigenvalue l 2 of the linear problem (3) and it is left to the reader to get similar statements for other branches. We recall that when W ¼ ðÀR; RÞ, then l 2 ¼ p 2 =R 2 : We shall study the branch of solutions which are nonnegative on ð0; RÞ and nonpositive on ðÀR; 0Þ (the reverse case is, obviously, similar). Let us call to these solutions as ''nonnegative-nonpositive solutions'' (and by similarity with the definitions presented in the Introduction we can talk of positive-negative solutions, flat positive-negative solutions and nonnegative-nonpositive solutions with compact support).
there is no positive-negative solution, 
, there is a family of nonnegative-nonpositive solutions which are generated by extending by zero the function u l 
The general case N I 1. Asymptotic bifurcation
In this section we sketch the employ of asymptotic bifurcation in order to get positive or non-negative solutions to our problem in the case of a general domain in R N . We consider first the problem
where W is an open bounded set in R N . Let us start with the case m > 1: Here l is a real parameter. For m ¼ 2 this is a version of the well-known logistic equation.
It is also well-known that nontrivial solutions exists only for l > l 1 . There are several proofs of the existence for any l > l 1 of a unique positive solution. One of them is to apply some global bifurcation theorem by Rabinowitz showing that there is an unbounded continuum of positive solutions bifurcating from the first eigenvalue l ¼ l 1 of the linearized problem at the origin for (19) . The result follows in this case from global bifurcation together with some (easy to find) a priori estimates for positive solutions.
In the one-dimensional case W ¼ ð0; 1Þ it was proved in [20] , [21] that all (simple) eigenvalues of the linearized problem (at the origin) are bifurcation points and that the well-known nodal properties of eigenfunctions are preserved all along the bifurcating continua. It was also proved by Bö hme [3] and Marino [17] that in the variational case all eigenvalues are actually bifurcating points for (19) , independently of its multiplicity.
Problem (19) with 0 < m < 1 can be studied by using the results by Rabinowitz [22] (see also [1] and [4] ) following and greatly extending previous classical work by Krasnoselski [16] for bifurcation at infinity.
For this we need a theorem concerning the existence of an asymptotic derivative for the nonlinear solution operator arising in the problem. More precisely, it is known that for any u a L 2 ðWÞ the problem ÀDw þ jwj mÀ1 w þ w ¼ u in W;
has a unique solution w a H 2 ðWÞ B H 1 0 ðWÞ and that the nonlinear solution operator given by w ¼ Pu, P : L 2 ðWÞ ! L 2 ðWÞ, is a compact monotone operator and that P is Fréchet di¤erentiable at the infinity with A ¼ P 0 ðlÞ, where A is defined as the unique solution of the linear problem 
